(Lack of) Model Structures on the Category of Graphs by Goyal, Shuchita & Santhanam, Rekha
ar
X
iv
:1
90
2.
09
18
2v
1 
 [m
ath
.A
T]
  2
5 F
eb
 20
19
(LACK OF) MODEL STRUCTURES ON THE CATEGORY OF GRAPHS
SHUCHITA GOYAL AND REKHA SANTHANAM
Abstract. In the present article, we study model structures on the category of graphs
with ×-homotopy equivalences as the weak equivalences, namely, (G, ×). We show that the
analog of Strøm-Hurewicz model structure in the category of graphs does not exist. More
interestingly, we show that the category of graphs (G,×) does not have a model structure if
we assume that the class of cofibrations are a subcollection of induced inclusions.
1. Introduction
Let G denote the category of undirected graphs without multiple edges with graph mor-
phisms being functions on vertices which preserve edges. The class of ×-homotopy equiva-
lences in G defines a class of weak equivalences on the category of graphs and we denote this
category with weak equivalences as (G,×). These equivalences were defined by Dochtermann
in [2] while extending the work of Lova´sz, Babson, Kozlov on Hom complexes of graphs. Hom
complexes are of interest as their connectivity gives a lower bound on the chromatic number
of a graph in good cases. A graph T is called a test graph if the following inequality holds
for every graph G.
(1) χ(G) ≥ χ(T ) + conn(Hom(T,G)) + 1,
where Hom(G,H) denotes the Hom complex of graphs G and H .
Dochtermann [2] showed that a map of graphs G → H is a ×-homotopy equivalence if
and only if the induced map on Hom complexes, Hom(T,G) → Hom(T,H), is a homotopy
equivalence. In general, the problem of computing Hom complexes can have high complexity
[1]. Our main motivation for the present work is to be able to replace graphs with ×-
homotopy equivalent graphs whose Hom complexes would be easier to compute.
In our previous article, [5] we note that double mapping cylinders of graphs are preserved
under the Hom(T, ) functor. However, it is not clear how we can recognize when a given
graph is ×-homotopic to a double mapping cylinder of possibly smaller graphs. In the same
article, we also note that the double mapping cylinder in graphs is not the correct notion of
homotopy pushouts for (G,×). This is the starting point for exploring model structures on
this category of graphs.
Droz constructs different model structures on the category of graphs for which the ho-
motopy type of a graph turns out to be the set of its connected components [3, Theorem
4.2], its furbished part [3, Theorem 4.4], its corresponding core graphs [3, Theorem 4.13].
Recently, it has been shown by Matsushita in [6] that there exists a model structure on G
with weak equivalences as the class of maps that induce a Z2-homotopy equivalence on the
box complex (a simplicial complex known to be homotopy equivalent to the neighbourhood
complex of the graph) of graphs. He uses the usual model structure on Top to construct this
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model structure on graphs. However, a model structure on G with ×-homotopy equivalences
has not be studied in either of the classes.
In [7, 8, 9], Strøm has shown the existence of a model structure on Top with Hurewicz
cofibrations and homotopy equivalences as the class of cofibrations and weak equivalences,
respectively. The most natural model structure on graphs would be the analogue of the
Strøm-Hurewicz model structure on topological spaces. In this article, we show that such a
model structure does not exist on the category of graphs.
All the modifications of the analogue of Strøm-Hurewicz model structure in graphs leads
us toward cofibrations which are induced inclusions of graphs. However, it is easy to check
that the class of cofibrations cannot be the class of all induced inclusions in G when our
weak equivalences are ×-homotopy equivalences. Given our original motivation to break
down a graph into simpler graphs, we want cofibrations to be a subclass of the class of
induced inclusions in G. We show that for no such choice of cofibrations can we have a
model structure if ×-homotopy equivalences are the weak equivalences. This is remarkable
as there is no standard technique to say that a model structure does not exist for a general
choice of cofibrations given the class of weak equivalences.
2. Homotopy Extensions in Graphs
A graph G is a pair of sets (V (G), E(G)). The elements of V (G) are called vertices of G,
and the elements of E(G), which are two element subsets of V (G), are called edges of G.
These elements need not be distinct, that is, {y, y} can also be an edge and this makes y
into a looped vertex. We say that two vertices x, y are adjacent if {x, y} ∈ E(G) and denote
the edge by xy. A simple graph is a graph without any looped vertex. A complete graph
is a simple graph where any two distinct vertices are adjacent to each other. A morphism
between two graphs f : G→ H is a function from V (G) to V (H) such that if xy is an edge
in G, then f(x)f(y) is an edge in H . We denote this category of graphs by G.
Definition 2.1. Let G,H ∈ G be two graphs. The (categorical) product of G and H is
defined to be the graph G×H whose vertex set is the cartesian product, V (G)×V (H), and
(g, h)(g′, h′) ∈ E(G×H) whenever gg′ ∈ E(G), hh′ ∈ E(H).
Let G be a graph and v ∈ V (G) be a vertex of G. The neighbourhood set of v in G is
the set {x ∈ V (G) : vx ∈ E(G)}, and is denoted by NG(v). When the context is clear, the
subscript G is dropped from NG(v), and we write N(v).
Definition 2.2. A vertex v ∈ G is said to fold to a vertex v′ ∈ G, if every neighbour of v is
also a neighbour of v′, that is, N(v) ⊆ N(v′), and the map f : G → G − v that maps each
vertex (other than v) of G to itself, and v to v′ is a graph map. In such a case, we call f a
fold map that folds G to G− v. If a graph folds to a single looped vertex, then it is called
a contractible graph. A graph is stiff if there is no fold in that graph. Dual to a fold map,
an unfold is defined to be the inclusion map A→ A ∪ {v} such that NA∪{v}(v) ⊆ NA(v
′) for
some v′ ∈ V (A), where v /∈ V (A).
For n ∈ N, let In be the graph with vertex set {0, 1, . . . , n} and edge set {ij : |i− j| ≤ 1}.
We note that the graph In folds down to a single looped vertex.
Definition 2.3. Two graph maps f, g : A → B are said to be ×-homotopic if for some
n ∈ N, there exists a graph map F : A × In → B such that F |A×{0} = f and F |A×{n} = g.
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Two ×-homotopic maps are denoted as f ≃× g. A graph map f : A→ B is a ×-homotopy
equivalence, if there exists a graph map g : B → A such that gf ≃× 1A and fg ≃× 1B.
Let Top denote the category of topological spaces with continuous functions. Recall that
if A and B are topological spaces, then a closed continuous map i : A → B that has the
homotopy extension property with respect to every Z ∈ Top is called a Hurewicz cofibration.
Dual to the notion of homotopy extension property, there is homotopy lifting property;
and a continuous map p : X → Y in Top that has homotopy lifting property with respect
to every space Z ∈ Top is called a Hurewicz fibration.
Strøm has shown that Top has a model structure (cf. [9, Theorem 11]) with closed
Hurewicz cofibrations, Hurewicz fibrations and homotopy equivalences as the class of cofi-
brations, fibrations and weak equivalences respectively.
We now study analogous constructions in the category of graphs, G. Since In is a con-
tractible graph for any number n, it is natural to consider In, a contractible path graph in
G as a substitute for I, a contractible path space in Top.
Definition 2.4. A graph map i : A→ B is said to have homotopy extension property if for
any graph Z ∈ G with graph maps f : A→ Z, g : B → Z, and a ×-homotopy F : A×In → Z
there exists a ×-homotopy G : B × In → Z that extends g. Equivalently, the dotted arrow
exists in the commutative diagram of Figure 1.
A A× In
Z
B B × In
i
j0
f
i×1In
F
k0
g G
Figure 1. Homotopy Extension Property in G
Let A,B ∈ G be two graphs and i : A→ B be a graph map. Then the graph A is called
a retract of B if there exists a graph map r : B → A such that ri = 1A. We call this map
r : B → A, a retraction of B onto A. We note that if A is a retract of B, then A is a
subgraph of B.
Let G ∈ G be a graph, and f : A→ G be a graph map. Then the quotient of G by f(A),
denoted by G/f(A) is the graph defined as
V (G/f(A)) = V (G)/V (f(A)), E(G/f(A)) = {[x][y] ⊆ V (G)/V (f(A)) | xy ∈ E(G)}.
Let i : A → B be a graph map. For n ∈ N, let (A × In)
⊔
i
B be the quotient graph such
that V
(
(A× In)
⊔
i
B
)
=
(
V (A× In) ∪ V (B)
)
/i(a) ∼ (a, 0) and [x][y] ∈ E
(
(A × In)
⊔
i
B
)
if and only if there exist x′ ∈ [x], y′ ∈ [y] such that xy ∈ E(A× In) ∪ E(B).
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Let I = denote the unit interval [0, 1] then in Top. We recall that a closed continuous
map i : A → B is a Hurewicz cofibration if and only if (A × I) ∪ (B × {0}) is a retract of
B × I. The analog in graphs is true as well.
Theorem 2.5. A graph map i : A → B has homotopy extension property if and only if
(A× In)
⊔
i
B is a retract of B × In, for some n ∈ N.
Proof. Let i : A → B have the homotopy extension property, that is, for any graph Z
and maps f, F , and g as in Figure 1, there exists a ×-homotopy extension G. Choose
Z = (A × In)
⊔
i
B together with F : A × In → Z that sends any (a, j) ∈ A × In to
(a, j) ∈ (A× In) ∪ B, f = F |A×I0 and g : B → Z as g(b) = b for all b ∈ B. By assumption,
there exists G : B × In → (A× In)
⊔
i
B such that G|(A×In)
⊔
i
B = 1(A×In)
⊔
i
B. Therefore, G is
a retraction of B × In onto (A× In)
⊔
i
B.
Next, let r : B × In → (A × In)
⊔
i
B be a retraction. Let Z ∈ G be any graph with
f : A → Z, g : B → Z and F : A × In → Z be such that F (a, 0) = f(a). Define the map
H : (A × In)
⊔
i
B → Z as H(a, t) = F (a, t) for all a ∈ A, t ∈ In, and H(b) = g(b) for all
b ∈ B. Then H(a, 0) = F (a, 0) = f(a) = gi(a). Since [(a, 0)] = [i(a)] in (A × In)
⊔
i
B,
Hi(a) = gi(a). Since i(a) ∈ B, therefore H is a well defined map. Also, by construction it
is a graph map. Define the map G : B × In → Z as G = Hr. Then G is a ×-homotopy that
extends g : B → Z. 
Let i : A→ B be a graph homomorphism. It is easy to see if i is an isomorphism or B is
disjoint union of graphs A and B − A, then i has the homotopy extension property. Unlike
Top, in G, the converse is also true.
Lemma 2.6. Let i : A → B be a graph homomorphism such that i is not an isomorphism
and B 6= A ⊔ (B −A). Then there does not exists a retraction r : B × In → (A× In)
⊔
i
B.
Proof. Since i is not an isomorphism and B 6= A⊔(B−A), there exist a ∈ A, b ∈ B\i(A) such
that i(a) is adjacent to b in B. Suppose there exists a retraction r : B× In → (A× In)
⊔
i
B.
Then (b, 0) is adjacent to (i(a), 1) in B × In. Since r is a graph map, r(b, 0) is adjacent to
r(i(a), 1) in (A× In)
⊔
i
B. However, rj = 1(A×In)
⊔
i
B where j : (A× In)
⊔
i
B → B × In is an
inclusion. Therefore r(b, 0) = (b, 0) and r(i(a), 1) = (i(a), 1). But (b, 0) is not adjacent to
(i(a), 1) in (A× In)
⊔
i
B. Hence, there does not exists any r : B × In → (A × In)
⊔
i
B such
that rj = 1(A×In)
⊔
i
B. 
If we consider graph homomorphisms with homotopy extension property to be our class
of cofibrations, then we must restrict ourselves to isomorphisms. If there exists a model
structure on a category where two of the three special classes of morphisms are chosen to
be full morphism class of the category, and the third one is chosen to be isomorphisms in
that category, then such a model structure is often called a trivial model structure on the
category.
(LACK OF) MODEL STRUCTURES ON G 5
Droz has shown that:
Theorem 2.7 (Droz, [3, Theorem 4.1]). There exists a trivial model structure on the category
of graphs, G, with the class of cofibrations as the isomorphisms of G .
Since we are interested in finding the cofibrant replacement of a graph with respect to
×-homotopy equivalences as the class of weak equivalences, this structure is not useful for
us. Let the class of cofibrations A→ B be isomorphisms or of the form A→ A⊔B′ and weak
equivalences be ×-homotopy equivalences. Then regardless of our class of fibrations, it is not
possible to factor graph homomorphisms X → Y where both X and Y are connected as a
cofibration followed by a acyclic fibration unless the map itself is a ×-homotopy equivalences.
Theorem 2.8. If the class of weak equivalences is the class of ×-homotopy equivalences,
then G cannot have a Strøm-Hurewicz type model structure.
3. In search of Model Structures on (G,×)
In line with our original motivation of replacing graphs with smaller graphs, based on our
observations we would want the class of cofibrations to be at least in induced subgraph in-
clusions. In a model category [4, Proposition 3.14], a cofibration which is a weak equivalence
should be preserved under the cobase change. However, in (G,×) not all induced inclusions
satisfy this property.
For instance, let C be the graph on the left bottom side in Figure 2. Consider the graph
A and B as the induced subgraphs of C (as shown in Figure 2) on the vertex sets {a, b, c, p}
and {a, b, c} respectively. Let f : A→ B be the fold map that sends p to a and g : A→ C
be the inclusion. We note that g is a ×-homotopy equivalence.
a
b c
p
f
g
a
b c
a
b c
p q
[f(p), f(a), g(a)]
[f(b), g(b)] [f(c), g(c)]
[q]
Figure 2. Cobase change of an induced inclusion (and of a fold)
Then the pushout of {f, g} is isomorphic to K4, while C ≃× K3. Therefore the cobase
change of the induced inclusion map g which is also a ×-homotopy equivalence, is not a
×-homotopy equivalence.
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We now study the class of maps which are preserved under cobase change. We would like
to choose a class of maps such that their intersection class with ×-homotopy equivalences
is also preserved under the cobase change as our class of cofibrations. We note that any ×-
homotopy equivalence i : A→ B is a composition of folds, unfolds and isomorphisms.
Lemma 3.1. Let i : A → B be a graph map. If i is an isomorphism, inclusion, induced
subgraph inclusion or an unfold then so is the cobase change of i.
Proof. Let C ∈ G be any graph and f : A→ C be a graph map. Let G ∈ G be the pushout
of {f, i} as shown in Figure 3.
A C
B G
f
i i′
f ′
Figure 3. G = Pushout of {f, i}
It is an easy observation that the cobase change of an isomorphism is also an isomorphism.
Let i be an inclusion and x, y ∈ V (C) be such that x 6= y. If one of x, y /∈ f(A), then x 6= y
implies i′(x) 6= i′(y). So, assume x, y ∈ f(A), that is, x = f(a) 6= y = f(b) for some a, b ∈ A.
As per the assumption, x 6= y thereby implying f(a) 6= f(b). Since f is a well defined map,
we have a 6= b. Given that i is an inclusion and a 6= b, it implies i(a) 6= i(b). Therefore,
i′(x) = [x] = [f(a)] = [i(a)] 6= [i(b)] = [f(b)] = [y] = i′(y). Hence i′ is an inclusion.
Next, let i be an induced subgraph inclusion, that is, for every ab ∈ E(B), if a, b ∈ V (A).
then ab ∈ E(A). By arguments given in the above paragraph, it is enough to show that
if [x][y] = i′(x)i′(y) ∈ E(G) for some x, y ∈ V (C), then xy ∈ E(C). Again if one of
x, y /∈ f(A), then [x][y] ∈ E(G) implies xy ∈ E(C). So, let x, y ∈ f(A), that is, for some
a, b ∈ V (A), f(a) = x and f(b) = y. Since [f(a)] = [x] is adjacent to [y] = [f(b)], either
f(a)f(b) ∈ E(B) or xy ∈ E(C). Assume that f(a)f(b) ∈ E(B) then f being induced
subgraph inclusion implies that ab ∈ E(A). Given that f is a graph map, ab ∈ E(A) gives
f(a)f(b) = xy ∈ E(C).
Now let B = A ∪ {a} be such that there exists a′ ∈ V (A) such that a folds to a′ in A,
that is, N(a) ⊆ N(a′). Then the pushout object G = C ∪ {a}. Since an unfold graph map is
an induced inclusion, we know that i′ is an induced subgraph inclusion. Since f is a graph
homomorphism, NG(a) ⊆ NG([f(a
′)]), therefore i′ : C → C∪{a} is an unfold graph map. 
Based on the previous lemma, we consider the possibility that there may exist a model
structure on (G,×) where the acyclic cofibrations are all the unfolds. Define F to be all the
maps that have right lifting property with respect to every unfold i : A → A ∪ {v}. Note
that i : A→ A∪{v} is an unfold implies that there exists v′ ∈ A such that NA(v) ⊆ NA(v
′).
We note that if a map p : X → Y has right lifting property with respect toevery unfold
map, then p has to be a surjection on the vertex set as well as on the edge set of Y . We first
show that p has to be a surjection on V (Y ). Let X be a non-trivial connected graph, that
is, the edge set of X is non-empty. Let xx′ ∈ E(X), then p(x)p(x′) ∈ E(Y ).
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K2 X
K2 ∪ {3} Y
f
i p
g
Figure 4.
If p is not onto on the vertices, then connectedness of Y implies that there is a vertex
y ∈ V (Y ), y /∈ p(X) such that p(x) or p(x′) is adjacent to y. Consider i : K2 ⊂ P3, where P3
denotes a path graph on vertex set {1, 2, 3} and K2 is induced subgraph of P3 on vertex set
{1, 2}. Then P3 can be rewritten as K2 ∪ {3} (cf. Figure 4) so that NK2(3) = {2} ⊆ NK2(1).
Let xx′ ∈ E(X), we define f : K2 → X, g : K2 ∪ {3} → Y as f(1) = x, f(2) = x
′, and
g(1) = p(x), g(2) = p(x′), g(3) = y. Then pf = gi but there is no graph map F : P3 → X
such that pF = g implying that p does not have right lifting property with respect to all
unfold maps.
It follows easily that p has to be surjective on the edge set of Y . Let x, x′ ∈ V (X), xx′ /∈
E(X) and p(x)p(x′) ∈ E(Y ), then the above argument will give the required contradiction
if we map g to a neighbour of p(x) or p(x′) which is adjacent to an edge in the image of p.
Proposition 3.2. The class F can be characterised as follows: For connected graphs, X, Y ∈
G, a graph map p : X → Y which is onto on the edge set of Y belongs to F if and only if
(1) the graph Y = K2 or a single looped vertex.
(2) the graph Y is neither K2 nor a single looped vertex, then inverse image of any edge
y1y2 ∈ E(Y ), y1 6= y2 under p is a complete bipartite subgraph of X, that is, for any x1 ∈
p−1(y1), x2 ∈ p
−1(y2), x1 is adjacent to x2.
For looped edges yy ∈ E(Y ), p−1(y) = Kn for some n ∈ N, and contains a looped vertex if
there exists a looped vertex y′ adjacent to y, y′ 6= y.
Proof. Let p : X → Y be in F , and i : A→ A∪ v be an unfold map. Consider the following
commutative diagram: Let v′ be the vertex from which v is unfolded. Let f : A → X ,
A X
A ∪ {v} Y
f
i p
g
Figure 5.
g : A∪v → K2 be such that pf = gi. Since Y = K2, X is a simple bipartite graph, therefore
g(v) = g(v′). We define F : A ∪ v → X by F |A := f, F (v) := f(v
′). It is easy to see that F
is a graph map that satisfies Fi = f, pF = g. Similarly, if Y is a single looped vertex, then
g(v) = g(v′). Therefore, the map g can be extended by defining F |A := f, F (v) = f(v
′).
Let Y 6= K2 be simple. Given a commutative diagram pf = gi, we note that if g(v) = g(v
′),
then g can be extended as in the above case. So we assume that g(v) 6= g(v′). Since p is
surjective on edges and g is a graph map, for any neighbour a ∈ V (A) of v, there exists an
edge x1x2 ∈ E(X) such that p(x1) = a, p(x2) = v. However, f(v
′) need not be adjacent to
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x1. Since the map f can be chosen to send v
′ to any vertex in the fibre over g(v′), to define a
graph map F : A∪ v → X , every element x ∈ V (X) in the fibre of g(a) needs to be adjacent
to f(v′). By reversing the role of a and v′, and repeating the above argument, we get that
inverse image of any edge under p is a complete bipartite graph.
Suppose Y 6= I0 is not simple, then neighbours of v, NA(v), and v, can be mapped to the
same looped vertex y ∈ Y under g implying that fibre of y under p should form a complete
graph with each vertex looped.
It is easy to see that if the inverse image of each edge under p is a complete bipartite
graph, then for any choice of xy ∈ p
−1(y) for a vertex y ∈ V (Y ) gives a section, and hence
the desired lift exists. 
Lemma 3.3. Let p : X → Y be a map in F . If p is a ×-homotopy equivalence, then X folds
to Y .
Proof. If Y is a singleton vertex graph, then X is a graph with no edges implying that p is
an isomorphism.
For a loopless graph Y 6= ∗, let y′ ∈ Y , and x, x′ ∈ p−1(y′) be any two inverse images.
Since inverse image of each edge is a complete bipartite graph, NX(x) = NX(x
′) therefore x′
folds to x. This implies that X folds to Y .
Let Y has a looped vertex y. Without loss of generality, assume V (Y ) 6= {y}, then by
definition p−1(y) = Kn is a clique of order n, say. Since p is a ×-homotopy equivalence,
there exists a looped vertex x ∈ Kn. For any non-looped vertex y
′ ∈ V (Y ) and x′1, x
′
2 ∈
p−1(y′), NX(x
′
1) = NX(x
′
2) therefore x
′
2 folds to x
′
1, and for any looped vertex y ∈ V (Y ),
x1, x ∈ p
−1(y) where x is looped and x1 is not, then NX(x1) ⊆ NX(x). If x, x1 both are
looped, then p being a ×-homotopy equivalence implies that x is adjacent to x1 and hence
NX(x1) ⊆ NX(x) therefore x1 folds to x. 
Let p : X → Y be a ×-homotopy equivalence in F . The proof of previous lemma shows
that inverse image of any looped vertex y˜ ∈ V (Y ) under p contains a looped vertex, say,
xy˜ ∈ V (X). Define s : Y → X as
s(y) =
{
x, x ∈ p−1(y) if y is non-looped,
xy, if y is looped.
Since p ∈ F , it is surjective on the edge set of Y . Also, Y connected implies that p is
surjective on the vertex set of Y . We recall that the inverse image of edge of Y under p is a
complete bipartite subgraph of X implying that s is a well defined graph map.
Corollary 3.4. Let p : X → Y be a ×-homotopy equivalence in F . Then s defined above is
a section of p, that is, ps = 1Y .
Let C be the class of maps that have left lifting property with respect to every ×-homotopy
equivalence in F .
Lemma 3.5. A graph map i : A → B belongs to C if and only if i is an induced subgraph
inclusion map.
Proof. Let i : A → B be an induced subgraph inclusion map. Let p : X → Y be any ×-
homotopy equivalence in F , and f : A→ X, g : B → Y be such that pf = gi. By Corollary
3.4, there is a section s : Y → X . Fixing a section s : Y → X , we define F : B → Y as
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F (x) =
{
sg(x) if x ∈ V (B)− V (A),
f(x) if x ∈ V (A).
Since inverse image of each edge under p is a complete bipartite graph, F is a graph map
such that Fi = f and pF = g.
Assume, i : A→ B belongs to C. If i is not injective, then for a1, a2 ∈ V (A) and a1 6= a2,
i(a1) = i(a2). Consider X = Kn with a looped vertex, where n = |V (A)|, and Y = {y} be a
single looped vertex graph. Let p : X → Y be the map that sends all the vertices of X to y.
Then p ∈ F and is a ×-homotopy equivalence. Define f : A→ X injectively (this is possible
as |V (A)| = n = |V (X)|) and g : B → Y sends all vertices of B to y. Since i ∈ C, there
exists a lift F : B → X such that Fi = f . Now i(a1) = i(a2) implies Fi(a1) = Fi(a2), that
is f(a1) = f(a2), a contradiction as f is an injection. Therefore, i ∈ C implies i is injective.
If i : A → B is not an induced subgraph map then there exists a1, a2 ∈ V (A) such
that a1 is not adjacent to a2 while i(a1) is adjacent to i(a2). Let X be the graph with
V (X) = {x, x′}, E(X) = {xx′, xx}, and Y be a single looped vertex y. Let p : X → Y
be the map that sends x, x′ to y. Then p ∈ F and is a ×-homotopy equivalence. Define
f : A → X to be the map that sends a1, a2 to x
′ and the rest of A to x and g : B → Y
sends all the vertices of X to y. Since i ∈ C, there exists a lift F : B → X such that
Fi = f . Therefore, f(a1) = f(a2) = x
′ implies that Fi(a1) = Fi(a2) = x
′. However,
i(a1)i(a2) ∈ E(B) and F being a graph map gives that Fi(a1)Fi(a2) ∈ E(X), that is,
x′x′ ∈ E(X), a contradiction as x′x′ /∈ E(X).
Hence any graph map i : A→ B of C is an induced subgraph inclusion. 
Let W denote the class of ×-homotopy equivalences. In view of [4, Proposition 3.14],
to be able to construct a model structure on graphs, if the class F that has right lifting
property with respect all the unfolds is chosen to be the class of fibrations, then the class of
cofibrations should be the one that lifts on the left of F ∩W, and acyclic cofibrations should
then be all such cofibrations which are ×-homotopy equivalences. The class that has left
lifting property with respect to F∩W is equal to the class of all induced subgraph inclusions
C. In this notation, the graph map g : A → C defined in Figure 2 is an acyclic cofibration
which is not a composition of unfolds, is not preserved under the cobase change. The class
of maps which will have right lifting property with respect to C∩W will be much larger than
F . Further, C ∩W is not preserved under the cobase change. Therefore, this particular class
of cofibrations along with ×-homotopy equivalences will never be compatible with any class
of fibrations, and hence will always fail to give a model structure on graphs. In particular,
we have shown the following:
Theorem 3.6. For any choice of maps as fibrations, there does not exist a model structure
on the category of graphs with W as the class of ×-homotopy equivalences, and C ∩W as the
class of all unfolds.
We have seen that the classes C and F are not compatible with each other. We now show
that if there is a model structure on G with ×-homotopy equivalences as the class of weak
equivalences, then an acyclic cofibration is a composition of unfolds.
Definition 3.7. Let A be a subgraph of B. For some vertex v ∈ V (B), a fold map f : B →
B − v is called a relative fold in B with respect to A, if A is a subgraph of B − v.
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Lemma 3.8. Let i : A→ B be an induced subgraph inclusion and a ×-homotopy equivalence.
Let f : B → B − v be a relative fold in B with respect to A. Then the cobase change of the
inclusion map j : A → B − v is a ×-homotopy equivalence if and only if the cobase change
of i is.
Proof. Let g : B − v → B be the unfold map corresponding to the fold map f : B → B − v.
Suppose cobase change of j : A→ B− v is ×-homotopy equivalence. By Lemma 3.1, unfold
map is preserved under the cobase change, therefore cobase change of g is an unfold map.
In particular, cobase change of g is a ×-homotopy equivalence, and hence cobase change of
the composite map gj = i is a ×-homotopy equivalence.
Now assume that i : A→ B is preserved under the cobase change. To show that j : A→
B − v is preserved under the cobase change, let α : A → X be any graph map. Let G1 be
the pushout of {j, α}, with cobase change maps j′ : X → G1, and α
′ : B−v → G1, as shown
in Figure 6.
A X
B − v G1
B G2
α
j j′
g
α′
g′
α′′
Figure 6.
Let G2 be the pushout of {g, α
′} along with cobase change maps g′ : G1 → G2,and
α′′ : B → G2. We note that the pushout of {j
′α, gj} is isomorphic to G2, as j and g are
inclusions. Then g′j′ is a ×-homotopy equivalence by assumption, and g′ is a ×-homotopy
equivalence by Lemma 3.1. By 2 out of 3 property of ×-homotopy equivalences, this show
that g′ is a ×-homotopy equivalence. 
Proposition 3.9. Let i : A→ B be an induced subgraph inclusion map and a ×-homotopy
equivalence such that |V (A)| < |V (B)|. If B does not fold to A via some sequence of relative
folds, then the cobase change of i is not a ×-homotopy equivalence.
Proof. Suppose there exists a fold of a vertex x in B relative to A. In view of Lemma 3.8,
cobase change of i : A → B is a ×-homotopy equivalence if and only if cobase change of
A→ B−x is. Therefore without any loss of generality, we assume that for i : A→ B, there
is no relative fold in B with respect to A.
Any two ×-homotopy equivalent graphs have isomorphic stiff subgraphs, therefore |V (A)| <
|V (B)| implies that B is not stiff. Thus there exists a v ∈ V (B) that folds. If v ∈
V (B)−V (A), then A ⊆ B−v implies a relative fold in B with respect to A which contradicts
our assumption. Thus any vertex that folds in B is a vertex of A.
Define A′ to be the subset of A such that each element of A′ folds in B. For every
x ∈ A′, we associate a 5-cycle denoted Cx5 with vertex set {x1, x2, . . . , x5} and edge set
{x1x2, x2x3, x3x4, x4x5, x5x1}. We now define a graph C as follows:
C =
(
A
∐
x∈A′
Cx5
)
/ ∼
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where ‘∼’ denotes the identification of x with x1, for x ∈ A
′ ⊆ A.
Let f : A → C be the subgraph inclusion. Consider the pushout object G of {i, f} and
the cobase change graph map i′ : C → G of i. If the cobase change i′ of i : A → B is a
×-homotopy equivalence, then the stiff subgraphs of C and G are isomorphic. In particular,
cardinality of vertex sets of stiff subgraphs of C and G are equal. We note that |V (A)| <
|V (B)|, and A′ ⊂ V (A) implies that |V (C)| < |V (G)|.
If G is not stiff, then there exists a vertex a ∈ V (G) that folds. We note that a 5-cycle
C5 is a stiff graph, and any of these cycles might have gained a loop on x1’s where it is
identified in G. However, a 5-cycle with a loop on any of its vertices is also a stiff graph.
Therefore, no vertex of
⋃
x∈A′
{x2, x3, x4, x5} can fold down to any vertex in G. Further, if
x1 ∈ G folds to some vertex in G then x2, x5 must be a neighbour of that vertex. Since
NG(x2) ∩ NG(x5) = {x1}, this is not possible.
If a ∈ G which folds is not a vertex of these copies of C5 then a ∈ V (B) − A
′ and
NG(a) = NB(a). Since B does not have relative folds with respect to A and the vertices
in B which fold are elements of A′, there does not exist any such a ∈ G. Therefore, the
proposition follows. 
Define Ln to be the graph obtained from the path graph Pn
by adding a loop at a degree 1 vertex, say 0, that is, V (Ln) =
{0, 1, . . . , n}, and E(Ln) = {xy : |x−y| = 1}∪{00}. Let pn : Ln → I0
be the graph map that sends each vertex of Ln to 0.
0
1
2
n− 1
n
0
pn
The conclusion of Proposition 3.9 implies that for a model structure to exist on the cat-
egory of graphs, the class of cofibrations should be chosen so that acyclic cofibrations are
compositions of unfolds.
Lemma 3.10. Let i : X → X ∪x be an unfold map, and f : X → Ln, g : X ∪x→ I0 be any
graph maps such that pnf = gi. Then very unfold map has left lifting property with respect to
pn.
Proof. Since image of pn is a single looped vertex, g(x) = g(x
′), where x′ is a vertex from
which x is unfolded. Then the map F : X ∪ c → Ln defined as F |X = f and F (x) = f(x
′),
is a graph map that satisfies Fi = f and PnF = g. This implies that every unfold map has
left lifting property with respect to pn. 
Corollary 3.11. If M is a model structure on G whose weak equivalences are ×-homotopy
equivalences, and cofibrations are composition of unfolds, then the graph map pn defined
above is an acyclic fibration.
Proof. By Lemma 3.10, pn lifts on the right of every unfold. Note that Ln folds to I0, and
hence is a ×-homotopy equivalence. Since the unfold map i is arbitrary, for every n ∈ N, pn
will always belong to the class of acyclic fibrations by the axioms of model structure. 
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A Ln
A ∪ v I0
f
i pn
g
Figure 7. The map pn : Ln → I0 has right lifting property with respect to any unfold
Definition 3.12. A graph G is called acyclic if G does not have any cycle as a subgraph.
Let K2 be the simple complete graph on the vertex set {1, 2}, and B be a non bipartite
graph. Then B is not×-homotopy equivalent toK2. Let diam(B) = t−2, and girtho(B) = k,
where girtho (odd girth) of a graph is defined to be the length of a smallest odd cycle in that
graph. Since B is non-bipartite such an odd cycle will exist. Let Ck be an induced cycle
subgraph of B of length k. Consider Lt and pt : Lt → I0 as defined earlier.
Define g : B → I0 to be the constant graph map. Let i : K2 → B be the subgraph
inclusion that factors through Ck. Define f : K2 → Lt as f(1) = t, f(2) = t− 1. Since both
pt and g are constant maps, ptf = gi. However, t > diam(B) implies that given any graph
map F : B → Lt such that ptF = g and Fi = f , image of F does not include the vertex
0. Therefore, Im(F ) is a simple subgraph of Lt and in particular, is a path graph. Thus
existence of F implies that F restricted to an odd cycle Ck, F |Ck , is a map from an odd
cycle Ck onto a path graph. This is not possible since, a graph map X → Y implies that
chromatic number of X cannot be bigger than the chromatic number of Y .
This allows us to prove the following theorem.
Theorem 3.13. If the class of cofibrations is any subclass of induced subgraph inclusions,
then there does not exist a model category structure on G with W as the class of weak
equivalences.
Proof. Let (G,×) have a model category structure with the class of cofibrations C as a sub-
class of all induced subgraph inclusions. Then we showed that the class of acyclic cofibra-
tions has to be subclass of all compositions of unfolds. Further in any such model structure
pn : Ln → I0 must be an acyclic fibration.
Consider f : K2 → Ck where n is odd. Then this is not a ×-homotopy equivalence.
Previous argument shows this is not a cofibration. It should then be possible to write f as
a composition of a cofibration K2 → B and an acyclic fibration B → Cn. Since any cycle
graph Cn, n 6= 4 is a stiff graph, this cofibration K2 → B will not have a lift against pn,
contradicting our assumption. Hence there is no such model structure. 
Remark Even if the cofibrations are chosen to be isomorphisms (as a subclass of induced
subgraph inclusions), no graph map f : A→ B other than a ×-homotopy equivalence can be
factored as a cofibration followed by an acyclic fibration for any choice of class of fibrations.
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